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Abstract 

In this work we study the induction (induced and coinduced)theory 
for Hopf group coalgebra. We define a substructure B of a Hopf group 
coalgebra H, called subHopf group coalgebra. Also, we have intro- 
duced the definition of Hopf group suboalgebra and group coisotropic 
quantum subgroup of H. The properties of the algebraic structure of 
the induced and coinduced are given. Moreover, a framework of the 
geometric interperation and simplicity theory of such representation 
strructure are stuided. 

1 Introduction 

The induced representation of quantum group (quasitriangular Hopf algebra 
[M] and [Mon]) is introduced by Gonzalez- Ruiz, L. A. Ibort [G-I] and Ciccoli 
[C]. Recently, Hegazi, Agawany, F. Ismail and I. Saleh in [H], have succeeded 
to give a new algebric structure for quantum subgroups and subquantum 
groups, that is a subspase _B of a bialgebra H is called a sub-bi- algebra if 
the restriction to B of the structure of H turns B into bialgebra. But a bi- 
sub-algebra of if is a different thing. It is pair {B, tt) consisting of another 
bialgebra and surjective homomorphism n : H B. A relation between 
these two notions are given if the bialgebra allows a decomposition of the 
form H = B (B I with / a bi-ideal in H. The projection tt into B yields a 
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bi-sub-algebra {B, n) in the above sense. Conversely if i? C if is both a sub- 
bi-algebra and a bi-sub-algebra of H such that tt^ = tt, then H — B + Ker 
TT and we have a decomposition of the form H — B ® I . These construc- 
tion made us able to introduce the induced representation of Hopf algebra in 
each case. That is a 5-comodule for a sub-Hopf algebra B oi a, Hopf algebra 
H gives rise to an induced ii-Hopf module and that a representation of a 
quantum subgroup {B,Tr) of a quantum group H induced a Hopf represen- 
tation of H. This procedure realizes a quantum group induced representation. 

Recently, Turaev [T]and Virelizier [V-Vl] give use a new definition for a 
generalization of Hopf algebra, for Hopf algebra structure see [S] and [Mon] , 
Hopf group coalgebra. These generalization gives us quantum group struc- 
ture this structure is of great importance in Homotopy theory in quantum 
field theory [T]. 

In this paper, unless otherwise, every thing takes place over a field K, 
and X-space means vector space over K. A map / from a space V into 
a space W always means hnear map over K. The tensor product V is 

understood to be V<S>kW , I : V ^ V always denotes the identity map, and 
the transposition map t:V^W—^W®V is defined by r(f ^ w) = w (E) v 
for V eV,w e W. Let f : C ^ D he a. map. Then f * : D* ^ C* is a. map, 
where /*(0)(c) = 0(/(c)) for all (f)eD*,ceC. 

Recently, Virelizier [V-Vl] studied the algebraic properties of the Hopf tt— 
coalgebra. Now, let us give some basic definitions about Hopf vr— coalgebra. 
For group tt, a 7r-coalgebra is a family C = {Ca}a£-K of K-spaces endowed 
with a family X-maps (comultiplication) A = {A^^^ : Ca/3 C^® Cjj}a,i3fK-i 
X-map (counit) e : Ci ^ k such that the following diagrams are commute: 

CalS'y (J^ (g) (J^^ 

Aa/3,7 i [la® 

Caf3(S)Cy 7^ ^ r C^(g)Cf3® C7 
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(e (8) /a) Ai,a = ~a= {la ® c) Aa,l 

A Hopf TT— coalgebra is a 7r-coalgebra (if = {Hajaen, A, e) with a family 
S — {Sa '■ Ha — > ifa-i}ae7r of i^-Hiaps such that 

1. iff, is an algebra with multiplication and unit r7Q(li^) for all a e tt; 

2. Aq,_/3 , e are algebra maps for all a, /5 e tt, 

3. The antipode S satisfy 

l^aiSa--^ ® -^a)Ao-i^a = l„e = (g) ^a-ljA^^a-i 

A Hopf TT-coalgebra is of finite type when every is finite dimensional. 
Note that it does not means that (Bae-nHa is finite dimensional (unless Ha = 
for all but a finite number oi a E n). The notion of Hopf tt— coalgebra is not 
self dual. Note, (ifi, Ai^i,e) is a (classical) Hopf algebra. 

Let C be a 7r-coalgebra. A right 7r-comodule over C is a family M = 
{Ma}a£w of i^'-spaces endowed with a family 6 = {6a,i3 '■ <8) 
C/3}a,/3eiT of i^-maps such that the following diagrams are commute: 

Ma 

Ma0^ Ma®C0^ \ea,l 



0af3n i i ^« ® A^,^ ~mJ Ma ® C: 
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Maf3 0C^ ^ Ca®Cf30C-f 

Ma ® K 

{Oa,P ® )^a0n = i^oc ® Ap^^)9a,l3'y {la <^ ^)Oa,l =~M„ 

A right Hopf vr-comodule over H is a, right 7r-comodule M — {Ma}aen by 
coaction 9 — {0a,i3}a,/3en such that 

1. Ma is module by action for all a e tt 

2. The following diagram, for all a, /3, 7 e tt, is commute: 

Mad® Had Map Ma® Hp 



9a,f3 ® Aa,f3 i ^ Pa 1^(3 

{Ma ® Hp) ® {Ha ® Hp) '"^-^'^ {Ma ® Ha) ® 

^•e., Oa,p Pap = {pa ® ® T Ip){9a,P ® Aa,p) 
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Let C be a tt— coalgebra. A tt— coideal of C is a family V = {Va}aen 
such that 

1. Va is subspace of Cq, for all a e tt, 

2. A„^p(Vap) cVa^Cp + Ca^Vp for Va, /3 e tt. and 61(^1) = 0. 

A Hopf TT-coideal of is a family of /^-spaces V = {Va}a€n such that V 
is TT-coideal of H, Va is ideal of Ha and Sa{Va) C V^-i for all a G tt. 

A family A = {Aa}aen is called subHopf tt— coalgebra of H if (^4, A, e) 
is TT— coalgebra of H, Aa is a subalgebra of Ha and Sa{Aa) C Va G tt. 
A family A = {Aa}aeTT of a subalgebra of Hopf vr-coalgebra of H is called 
isolated if there exist a family / = {Ia}aen of Hopf n- coideal of H such that 

Ha — Aa® la Va G TT. 

We will call Hopf vr— subcoalgebra of H any pair (C, a) such that C = 
{Ca}aen IS & Hopf TT— coalgebra and a = {aa '■ Ha Ca}aen family of 
algebra epimorphisms which satisfies for a,/3 G tt 

1. A^^aa/B — {(Ta <8) (Tp)A.^p, 1.6., the following diagram is commute 



,/3 i i ^a,/3 



Ha® Hp Ca®Cp 
(7q (8) (7/3 



2. s'^cTi = i.e., the following diagram is commute 

H^ ^ Ci 
K 



3. S'^ctq, = aa-iS^ i.e., the following diagram is commute 



Ha-i Ca-i 



A pair (C, cr) is called left tt— coisotropic quantum subgroup of H if 
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1. C is TT— coalgebra, 

2. Cq; is left i^a-module by a;^ for all a e tt, 

3. a — {(Tq : Ha — > }a&Tr family of surjective linear maps such that 

(a) (Jq, is left iJQ,-module map for all a G vr, 

(b) Aj^cT„/3 = {aa ® cx^)Aj^ and o ai = . 

If g = {ga '■ Ca — * Ha}a€n, is a family of linear maps, its convolution 
inverse is a family of linear maps g~^ = {g~^ : C^-^ Ha}a(^-K such that 

Proposition 1.1. Every isolated subHopf ir— coalgebra is 7r—coisotropic quan- 
tum subgroup. 

Proof. Clear from definition. | 

A left TT— coisotropic quantum subgroup (C, a) of H is said to have a 
left section if there exist a family of linear, convolution invertible, maps 
9 ^ {Qa-Ca^ HajaeTT such that 

1. fi'a(o-«(l)) = 1, 

2. for a G TT, u G Hi, c & Ca and v G (^"^{c) we have 
(ai (g) ® Ia){h ® r){A^^a9a ® h){c ® u) 

= (^1 ® i/a)(o-i ® o-a)(/ii ® /a) (A ® r)(Af„ ® 7i)(i; ® 1i) 

3. for a G TT, M G Hi, c G C«-i and v G a^li (c) wc have 

= (7i ® ^-1) ((Ti (8) (T„-i ) (//i (5f ® 7i ) ® la-i ) (/i ® r) (r Af_i_^ (8) /i ) (t; ® li) 

Theorem 1.2. Let C be n— coalgebra, V be a n—coideal and a = {aa '■ 
Ca — ^ Ea = Ca/Va}aeiT bc a family of the natural linear maps onto the quo- 
tient vector spaces. Then E — {Ea — CaXVa}aeTT has a unique tt— coalgebra 
structure such that a is a tt— coalgebra maps. 

Proof. Since V is tt— coideal, ei(Vi) = implies Vi C Kerei. Hence there 
exist unique linear map Ii making the following diagram commutes 

Ci K 

cri\ /'el 
El 
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Let 

Since KerUa = then Ker{aa ® ap) = Ca ^ Vf^ + Va ® Cfs ^ Aa^/siVa/s), 
so Vap C KerTa,/3 and since Ta^p : Cq/j — > E^ ® Ep then there exist unique 
hnear maps Aq,,/? : Ca^/Vap — E^/s — E^ (8) Ep such that the following 
diagram commutes 

Ca(3 _ Ea® Ejj 

i.e., A«,^cr„^ = Tq,,/3 = (da ® a/3)A«,^ for all a,p e n. Thus Aa,^^(7c,/37 = 
((Ta ® (T/j-y) Aq,^^^ for all a, 7 e tt. Now, 

= (4 A/3,^)((7« (8) (7/3^)Ac,,;3^ 

= ((7q (g) A/3,^(7/3^)Aa,/3-y 

= ((7a ((7;3 (8) (7^) A;j,^) A„,^^ 

= (o-a <8) (7/3 (7^) (/a A;j,^)A„,;j^ 

= ((7a (8X7/3® C7^)(Aa,/3 /7)Aa;3,^ 

= (((7a (8) (7/?) Aa,/3 <® (7^) Aa/3,7 

= (Aa,/3 (g) Lf){aaP ® a^)Aa/3,'y 
— {^a,(3 ® -^7)^0/3,7(70/37 

since is surjective for all a e tt then (/„ (8) A/3 ,y)Ao, = {Aa,i3<® I'y)Aai3^'y 
Also, since Aa,paa/3 = ((7a ® (7/3)Aa,/3 implies Aa,i(7ai = ((7a®(7i)Aa,i and so 

(/ec (8) ei)AQ,iaai 
= {Ie^ ® ei)(aa (8) ai)A„,i 

= (o-a ® /k) (/if„ 8) ei)Aa,i 

" V ' 

i.e., (J^;^ 8) ei)Aa,iO"Q,i = cTqi. Since da is surjective for all a G vr, then {Ie„ (8 
ei)Aa,i = Iec- Similar, (ei(8)/E„)Ai,a = Thus {E,A,ei) is 7r-coalgebra. 
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2 Induced representations of Hopf group coalgebra 

In this section, we study the induced representation for Hopf group coalgebra. 
To reach this goal we use the definitions of subHopf group coalgebra, Hopf 
group subcoalgebra and group coisotropic quantum subgroup. 

Theorem 2.1. Let H be a Hopf n— coalgebra and (C, a) be a Hopf ir— subcoalgebra 
of H. Then (C, cr) is a left ir— coisotropic quantum subgroup of H. 

Proof. We define u = {ua = fJ'ai^a <H) la) '■ ® — > Co^ae^n we'll prove 
that Ca is a left i^^— module by uja- i.e., the following diagrams are commute 



Ha (8) Ca Ca Ca 

UJa 



UJa{Ia ® ^a){h ® k ® b) 

Ua{h ® aa{k)b) 
u a {h){aa{k)b) 
aa{hk)b 
u!a{hk <S> b) 

^ail^a ^ Ia){h® k ® b) 
^ail^a ® Ia){h® k ® b) 



and 



t^aiVa ® Q{k ® 6) = ujaiVaik) ® 6) = aa{Va{k))b = kb =~ {k (g) b) 

Now, we'll prove that a a is left i^Q-module map Va e tt i.e., the following 
diagram is commute 



a _^ 

l^a ^ ^ 

Ha®H^ ~^ H^(^Ca 
la ® (Ta 
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Remark 2.2. If (C, a) is a Hopf tt— subcoalgebra of H, then the map L^^p — 
{aa <8) I^)A^j^ : Ha/3 Ca® Hp Va, /3 e tt is an algebra map. 

Proposition 2.3. Let H = {Ha}aeTT be a Hopf n—coalgebra and {C,a) be 
a Hopf 71— subcoalgebra of H. Let B = {Ba}aen, where Ba = {h E Ha : 
Li,a{h) — 1 <S> h}, then Ba is subalgebra of Ha and B is right ir—coideal of 
H (this B is called n— quantum right embeddable homogeneous space of H ). 

Proof. Firstly, let h,k e Ba, then Li^a{hk) = Li^a{h) ■ = (l^h) ■ 

{1 <Si k) — l®hk and hence hk e Ba- Secondly let h e Bap, we will prove 
that Aj^(/i) eBa® Hp. 

^{I^®KAa,®I^^)Alap{h) 



Lemma 2.4. Let H = {Ha}aeTT be a Hopf n—coalgebra and {C,a) be a left 
TT—coisotropic quantum subgroup of H. For a, E n, a,b E Hap we have 

. La,p{ah) = /^lp{a)QLa,p{h) 

• {la ® A^^^)La,Py = iLa,p ® I^)Kp,V 

where (m n)Q{u ®v)— uJaijn ®u)® nv, m E Ha, u E Ca, n,v E Hp. 
Proof. 

LaA'^b) 

= {aa^I^)A^^f,fiapia(S)b) 

= {aa ® Ig){fia ® l^p)il ® ^ ® I)i^a,p ® Kp){a ® b) 
= {aal^a ®l^p){I®r(» I){AIp ® A%){a b) 
= Ua{a'l ® (Ja{bi)) ® 4b^ 
= AUa)eLa,p{b) 
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Also, 



Proposition 2.5. Let H — {i?a}ae7r « Hopf n—coalgebra and let {C,a) 
be a left TT—coisotropic quantum subgroup of H. Let G = {GajaeTn where 
Ga = {h & Ha : Li^a{h) = Ci(l) ® h}, then Ga is subalgebra of Ha and G is 
right it— coideal of H. 

Proof. For h,g E G^, we have Li^a{h) — o'i(l) (g) h, Li^^ig) — cri(l) ® 5' and 

LUi{Ii (g) (Ti) = CTi/ii. 

We'll prove that G Ga,i-e., Li^a{hg) = ® % 

= Ai,„(/i)0Li,«(^) 

= Ai,,(/i)0(ai(l)®(?) 

= (cui ® ® (7i(l) ®h^®g) 

= uJi{Ii®(Ji){h\®l)®h'^g 

= CTi/ii(/l| (g) 1) O /isS- 

= {al®^ia){^la®Ic.){h®g) 
= (/i®/iJ((ai®/i)Af„(/i)®5) 

= (/l®/i„)(cTi(l)®/l®5) 
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We'll prove that G is right 7r-coideal of if, i.e., for h G Gap-, ^a,i3W ^ G^^Hi^ 

= (7f ®Aj^)(<7i(l)®/i) 
= ai(l)®Af„^(/i) 



Theorem 2.6. Suppose V = {KijaeTr, &e a ri^f/it n—comodule over the left 
n—coisotropic quantum subgroup C of Hopf n—coalgebra H by p = {p^^^^ : 
Vap ^ Va<^ Cfi]a,f}(^T,. Then Ind{p) = {Ind{p)a}aeTT where Ind{p)a = {x e 
Vi<S>Ha : {Ii<^Li^a)x — (Pi,i<8)7a)x} is rights— comodule over H by (7(8) A) = 

{(7 ® A)a,p = 7i (g) Aa,p}a,pe7r 

Proof. We will prove that, for a, /9 e tt, {I®A)a,(){Ind{p)a()) Q Ind{p)a®Hp. 
Since, ior v ®h & Ind{p)ai3, we have 

(7i O Li,« ® 7^)(7i ® A«,/3)(v ® /i) 
= (7i (g) ® Ip)Aa,i3){v (g) h) 

= (7i (g) (7i (8) A„,^)Li,„/3)(l^ <8) h) by Lemma 2.4 

= (7i ®h® Aa,p){h ® 7.i,„;3)(w ® /i) 
= (7i (g) 7i A«,;3)(pi^i 7«^)(t; ® /i) 
= (Pi,i ® 4 ® ® ® /i) 

Now, we'll prove that the following diagrams are commute 

Ind(p)a/3-y (^'^^S'l Ind(p)ai3 77^ 



(7 A)^,p^ i i (7 (8) A)^^p 7^ 



Ind{p)a <8) 77/3^ . Ind{p)a ®Hp®H^ 



and 



7nci(p)« (^^A)^,! ind{p)^(gH, 

Ind{p)a 
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= (/i (g) Aa,p ® Iy)ih ® A«^,^) 
= (/i ® (/„ ® A^,^)A„,/3^) 

= (/l /a ® A^,^)(/i ® A«,/3^) 
= (-f7nd(p). ® A^,^)(/ ® A)«,^^ 

and 

= (/i(8)4®e^)(7i® A,,,i) 
= (7i (7« e)Ac,,i) 
= (/i® -if J 

= ~/nd(p)„ 



Remark 2.7. Given a right corepresentation p of the vr— coisotropic quantum 
subgroup of (C, o") the corresponding corepresentation (/ A) on Ind{p) of 
i7 is called induced representation from p on H. 

3 Geometric realization for induced representation 

In this section we given the geometric interperation of the induced repre- 
sentation. Throughout this section H is Hopf vr— coalgebra, (C, a) is Hopf 
TT— subcoalgebra of H and V = {Va}aeiT be a right tt— comodule over C. The 
purpose of this section is to show that the induced representation Ind{p) from 
Hopf group subcoalgebra H is isomorphic as module to the tensor product of 
TT— quantum embeddable homogeneous space B (in Proposition 2.3) and the 
given comodule V. In case (C, a) is left tt— coisotropic quantum subgroup, 
then H is isomorphic to C (8) G as a vector space where G — {Ga}aeTn where 

G^^{heH^: L,,^{h) = {a^ ^ /f )Af J/i) = a,{l) ^ h}. 

Lemma 3.1. Ind{p)a is a right (left) Ba-module for all o; e tt. 

Proof. Let v\®ha& Ind{p)a, ha £ -Ba, we define the right action as follows 

\aivi ® ha ®ba) = Vi®haha- Wc uccd ouly to provc that Xaivi ®ha®ha) = 
vi (g) baha e Ind{p)a. We have (/i (g) Li^a){vi ® ha) = ® Ia){vi ® ha) 



11 



imply that((/i®Li,c«)(wi®/ia))(l®l(g)6„) = l®^a) 
imply that 

Vi (8) Cri{{ha)l) (8) {ha)2ba = Pl,l{Vl) (8) /ia^a- (*) 

Also, we have 

= {,{ha)i ® (/?.«)2)0(lci ® &«) by lemma 2.5 

= u;a((/?.a)l ® 0"l(l//i)) ® {ha)2ba 

= (Ti(/laJ ® {ha)2ha- (**) 

Now, 

(Jl (g) Li^a)K{vi ®ha® ha) 
= (Jl ® Li^a){vi ® haba) 
^ Vi<S) Li^aihaba) 

^vi®ai{{K)i)®{K)2ba by(**) 
^ Pi,i{vi) ® Kba by (*) 

= ® /a)Aa(vi ®ha® bo). 

The left action is similar. | 

Definition 3.2. Let (C, cr) be a Hopf tt— subcoalgebra of H.ll g — {ga : 

Ca — > i^ojaeTr, IS a family of linear maps, its convolution inverse, if it exists, 
is a family of linear maps g~^ = {g'"" : Ca-i ~^ Ha}aen such that 

Definition 3.3. A Hopf vr— subcoalgebra (C, cr) of if is said to have a left 
section if there exists a family of linear, convolution invertible, maps g = {g^ '■ 
Cq, — > i?a}aG7r such that for all a e tt, g'a(l) = 1 and (7l ^a) 

Lemma 3.4. For any Hopf ir—coalgebra H we have 

1. (Aff, ® A^_, JAJ„_, = (7i ® AJ„_, ® 70(Affi ® /i)Af, 

2. (A^_,_, ® Af;jA^_,_„ = (4-. ® Af;, ® 4)rA^_.,, ® 4)A^_,_„ 
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Proof. 

= ® 4-1 /i)(Aj,-i ® /i)Afi 
= ((A^f„®7.-0Aj,_,®70A?i 
= ((7i®Aj„_,)Aff,®70Afi 
= (7i Aj„_i ® 7i)(Afi ® 7i)Afi 

i.e., {AZ^ ® A^_i^JA^„_i(/i) = hi, ® ^?22' ® ^2 
The second statement is similar. | 

Now, from lemma 3.5 up to theorem 3.12, 77 is Hopf tt— coalgebra and 
(C, a) is Hopf TT— subcoalgebra. Also, (C, a) have a section g — {gajaen and 
antipode 5"^ = {5*^ : Ca-ijae-ir 

Lemma 3.5. For a e tt, Li^^Qa^ = (5f O ^-i)rA^_i^^ 

Proof. We will prove that for a G vr, Li^^da^ i^i ® fi'a^)''"A^-i , are 
inverse to the same element Li aQa in the convolution algebra ConviC, Ci ® 
77,). For c e Ci, 

= {(^1 ® )Af„^7„ * (ai ® 7f )Af„(7-i}(c) 

= ^^c,mAi<^^ ® Ia)^la9o. ® {cji ® 7^)Af,(7-^}Aj„-i(c) 

= {^^c, ® I^hJ{I t (8) 7){(ai ® 7^)A^;,^„ ® (ai ® 7^)A^;„^-1}A;^^„-i(c) 

= (Mci «) 7^ (8) 7^)(7 (8) T (8) 7)(Af, ® Af J((/„ (8) ^-^)A^^„_i(c) 

= (licMi ® (7i) (8 /x^J(7 ® r (8 7)(Af„ ® Af J(^, (8 g-')A^^^.,(c) 

= (8 //j^J(7 ® T 7)(Af, ® A^fJ(^« ® 5a')A^,„-i(c) 

= (<7i «) (8 /ij,J(7 T 7)(Af, (8 Af J(^« (8 y-')Aj„_i(c) 

= ((Ji (8 )Aff,/x^J^« ^-i)A^^„_i(c) 

= (<7l®7,^)A^fj6^(c)lHj 

= 6^(c)(ai®7„^)AfJl^J 
= e^(c)(lc,®lHj. 
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and 

= {(7i ® A^;, * {S? ^-^)rA^_,, J(c) 

= /^Ci0/f„{(A « (8) ^-')tA^_i_ JAj,_i(c) 

= (a^c, « /^i^J(^ ® r ® 7)(7i ® ^„ ® -^f ® ^-^)(7i ® 7« ® T)(Ag„ (g) A^_i^ JAj„_ 
= (/xci ® /^hJ(^ t (8) 7)(7i ® ^„ ® 5f ® ga^){h ® 7„ ® r)(cii ® c^2i ® C?22' ® c 

= e^(c)(lc,®l//J 
I 

Lemma 3.6. For h e 77q,, we have h — 5'a(Ja(^i)5'Q^cra-i(^2i ^)^22- 
Proo/. 

/i = e"{h\)h'^ 

- i^^ai9a®g:')A'^a,a-^{a^{hl)m 

= /^a(/^a(5a « 5a')(<7a ® ^^a-i) 4)(AJ„-i (g) 7e,)A^f„(/l) 

= gaCraihi)g~^(T^-iih^i^)h^2- 

I 

Lemma 3.7. For h e Hi and a e we have ijL^{g~^aa-i ® Ia)A^^_i{h) e 
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Proof. 

= l®(?-V„-i(e^(/i}2)/^ir>2 



Lemma 3.8. For a E n, 
Proo/. 

= (Aj„-i®/^)((Ji®/^)Af„^7„ 
= (Aj„_,®7,^)(7i®^JA£„ 
= (7, ® 7,-1 ® ^a)(Aj^_i ® 7c,)A^;„ 
= (7, 7,-1 ® g^){I^ A^_i_JA^^i 



Lemma 3.9. For a E n and b E Ba 

((7, ® a„-i ® 7^)(A2,_i ® 7^)A(;j6) = 1 (g) 1 ® 6 
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Proof. 
= 1 (g) 1 (8) 6 



Theorem 3.10. H is isomorphic to C B as vector space. 

Proof. We define A — {Aa : Ca® ^ Ha}aeTT as follow 

A^{c®b) ^ i^aiQa'® Ia){c®b) ^ g^{c)b. 

Clear A^ is linear and by lemma 3.6 and lemma 3.7 that A^ is surjective for 
all a e TT. We define A'^ = {a^ ® f^aiQa^'^a-^ ® 4))(Aj^_i ® Ia)^i,a- We'll 
prove that for a E n, AaA~^ = Ih„ and A~^Aa = Icc^Bc - Firstly, let h E Ha 
and c®hECa®Ba 

= /i by lemma 3.6 

Secondly, since, for a e tt we have (((7Q(8)crQ,-i)A^^_i (8)/^)Af^^ is an algebra 
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map, then 

A-'A^{c(g)b) 

= (7, /x,)(7, g-' ® 7,)K ® (7«-i 7^)(A^„_i ® 7^)A^f,//,(^, ® 7„)(c 6) 
= (7, g-' ® Q((aa ® a,-i)Aj„_i ® 7^)A^f„//J^, ® 7,)(c 6) 

{{la ® 7„-i O ga){Ia ® A^_i_^)A^i(c) ® 1 1 ® 6) by lemmas 3.8, 3.9 

-C^®9a\c^l')9a{c^2)b 

= e{cl)b 



Remark 3.11. In any Hopf tt -coalgebra 77, every 77^ is left 77i -comodule by 
Ai^Q. i.e., the following diagrams are commute 

77, 77i0 77, 77, 77i 77, 

Ai,a i iAi,i®7, ~\ ie^(g)7. 

Hi® Ha TZ^ . Hi Hi Ha K0Ha 

ll (K) ^l,a 

A Hopf TT— coalgebra 77 is called have a left (right) cosection if there exist 
a family of algebra maps t] = {r]^ : Hi Ha}aeTT such that 7]^ is left (right) 
77i-comodule map Va e tt i.e., the following diagram is commute 

TT TT 

Hi > Ha 

Ai,i i iAi,« 
Hi^Hi 7^ Hi^Ha 

-'l ^ 'la 

Theorem 3.12. If 77 have a left cosection, then Ind{p) is isomorphic to 
V ® B — {{V ® B)a — Vi® Ba}ae'K o-s right B-module. 
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Proof. Firstly, we'll prove that Li^^Vadi — (-^i ® Va9i)^i,i- 
= (7i(8)77j((7i«)7f)Afi^i 

= (^1 ® Va)Ll,l9l 

= (/i(8)?7a5i)A^;i. 

We define = {Ii®Va9i)Pi,i '■ ~^ Ind{p)a- We'll prove Ta{vi) G Ind{p)a- 

{Ii (8) I/i_„)T„(t;i) 
= (/l (g) ® ??«^i)pi,i(vi) 

= (/i (g)Li,«?7^^i)pi i(t;i) 

= {Ii^iIi^Va9i)^?,i)pi,M 

= (/i (8) /i Va9i)(h «) Agi)pi_i(T;i) 

= (/i /i ® ® 

= ® 4) (A ® ^a^l)Pl,l(^^l) 

= <E) /a)T«('yi). 

For CK e TT we define go, : Vi Sq, ^ Ind{p)a where 

qa{v (g) 6) = Aa(T'a(v) 6) = vi r}^gi{v2)b. 
Clear qa{v<^b) e Ind{p)a and is linear. We define : Ind{p)a — > Vi^-Ba; 

= (A ® ® Ia)){PlA ® la) (i) 

i.e., q~^{v 0h)^vi® Va9T^(v2)h = i; ® Va9T^(^i(hl)h2. 
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We'll prove that q^\v ® /i) G Vi (g) B^. 

= (7i (g) Li,a)(/i (g) fiJ,Va9i^ ® ® ^i,a)(^^ ® ^) by equation (ii) 

,191 ® Li^a)Li^a{h) 
^v® picimAi^^ ® Va)iSi' ® fi'r^)rA^i by lemma 3.5 

= ^ ® ® Va9l')r Af,i ® (^1 ® /<f )Afa)(^i ® )Af J/i) 

= ^ ® ® Va9i> ®(Ti(® /f )(Afi (8) Af ® If )Af J/i) 

= ^; e^(/ii2)l ® Va9l^Mhli))h^ 

= ^;«)l«)?7a^rV(6^(/iL)Ml))^2 

= t;® l(8)77„5frVi(/i})/i2 
Now, we prove that ga^"^ = / and q^^Qa — I- 

QaQa^V (g) h) 
= (Jl O ® r/^fi-l O /a)(Pi,i ® la) 

(Ji (g) fiaiVa9i^ ® ® ® h) by equation (ii) 

= (Jl (g) fiJih ® ® /a)(/l ® /l ® l^aiVa9l^ ® 4))(Pl,l ® /l ® /a)(Pl,l ® 4)(t' ® /i) 

= (Jl ® /i„)(/i ® r^^^i ® J«)(/i (g)h(g) fi^iVa9l^ ® 4))((Pl,l ® h)pl,l ® /a)(^^ ® /i) 

= (Jl ® /i„)(/i ® 7]^gi ® /,)(/i ® /i ® l^aiVa9l^ ® 4))((/l ® A^;i ® Ia){Pl,l ® 4)(^^ ® /i) 

= Vl ® Va9l{vll)Va9T\vl2)h 

= t^! ®^?a(^l(^2\)£/r^(^^22))^ 

= t'!®r/Je(t;2^)l)/i 
= e{vl)vl®7i,{l)h 
— V ® h 
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Qa^Qaiv (g) b) 

= (/i (g) fiaiVa9i^ ® ® Li^a)ih ® ® r^^fi'i ® ® ® b)hY equation (i) 

= (/l ® f^aiVa9l^ ® ® Ll,a(r7a^l(t;2))^l,a(&)) 

= (/i ® /i„(r7„^r' ® ^a))(^l ® (A ® Va)Li,i9i{vl) ■ (1 ® fe)) 

= {h ® /^a(^a^7r' «) Ia)){Vl ® (/l ® ^J(/l ® A^^^ (t;2l) ■ (1 ® b)) 
= f^l ® Va9l\vl^)Va9livl2)b 

^vi0ri,{e''ivl)l)b 
= e^{vl)vi®ri^{l)b 

— V ®b. 

Now we prove that qa is module map for all a e tt, 

— Qai'v <8) bk) 

= A«(7;(^;) bk) 

= Aa((/i 77a^i)pi,i(^;) ® 

= Aa(fi (g) ri^gi{v2) ® 

= Vi®r]^gi{v2)bk 

^ vx® {r]^gi{v2)b)k 

= AQ,(t;i O {r]^gi{v2)b) (g) k) 

= Xa{qa<S) Ia){v ®b® k). 

I 

ThroTighout this last part, we consider (C, o") as a left tt— coisotropic 
quantum subgroup of H, V = {Va}aen as a right tt— comodule over C and 
G = {G'e.lae^Mere G^, = {/i G : i^i,a(/i) = ((^i ® )Af„(/i) = (7i(l) 

Lemma 3.13. Ind{p) is right G-module 
Proof. Similar to lemma 3.1. | 

Theorem 3.14. H is isomorphic to C ® G as vector space. 

Proof. 1. For h G H^, as in lemma 3.6, h = ga(^a{hi)g~^aa-i{h2i ^)/i22- 
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2. For h E Hi and a E n, we'll prove that (J^aida ^^a-^ ® Ia)^a-i ^^h) e 

= (^1 ® Ia)f^H,mAKc. ® ® 

= (/i ® /XhJ((c^i/^Hi ® ® r)(Af„(7^V,-i Ji) ® ® A(;, 

= ih ® ® ® cT^-i)(/ii(^f ® /i) ® 4-0 

(/i ® r)(rA^_.,, ® h) ® Ji^)(4-. ® Af JA^_.,„(/^) 

(/i ® r)(r ® Ji) ® /<f )(Af_,,, ® Af JAf_.,J/.) 
= (Ji ®/i^J[(ai ®^-V«-i)(^i(5f 

(/i ® r)(r ® Ji) ® /^](/in"' ® hl^i ® /i}22 ® /ig) 

= (7i(l)«)5-i(a„-i(/ir'))/i2 

3. We define 74o, : Cq ® Gq — > if^ as follow 

Aa(c(8)6) = ll^iQa® Ia){c®h) = ga{c)h. 

Clear 74q, is linear. We define : ^ Ca® Ga as follow 

By step 2 and property of A , wc have A^^{h) G Cq, G^. We will prove 
A^A-^ = Ih^ and A-^A^ = Ic^^b^- Let h e Ha,c® b e Ga, 

AaA-\h) 

= ® f^ai9a'^a-^ ® /a))(Aj,-i ® /a)A(;j/l)) 

= ® /ij5^V,-i ® /,))(/„ ® Af_i_JA2,(/i)) 

= 9a(^a{hi)9a^C^a-^{h2l')h22 
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and 

= (/a «) ® ® /a)((cTa (7c,-i)A^„_i (g) /^)Af„/i„(^„ ® /„)(c ® fc) 

= (7, «) 5"' «) Ia){Al^.,ai ® I^)fiH^^H^., {A?,a9a «> Affj(c (g) A;) 

= (7, /ij(7, ® 7,)(A^_„_i I^){aiii, //J(7 (g) T 7)(A^f„y, ® Af^)(c 
= (7, ® /i„)(7, ® ® 7«)(Aj„_i ® 7^) (7 ® T)(A^f,^,(c) ® k^)] 

[{h ^ ga){cri ^ cra){f^i ^ Ia){h ® T)(Ag^ ® h){v ® k\) ® k^] 
= {la ® l^aWcc ® Qa^ « 7c,)(AJ„_i f^J[cri{vlkl) (g) QaCTaiVi) /^a] 

= {la (g //«)(7« (g g-^ (g 7«)(Aj^_i ® //„)[a;i(^;i (g (7i(A;i^)) (g ga(Ja{v2) ® 

= (7„ ® /i„)(7„ ® ® 4)(Aa,a-i ® ® C^l(l)) ® 5aC^«K) ® ^] 

= (7„ ® /i„)(7„ ® (g) 7„)(A^_^_i ® ® 5acra«) ® k] 

= (7„ (g) /i„)[(7« g) ^^^)(fTa ® aa-l)A^^^-^{vl) (g) ^«(T„ (1)2") /c] 
= (7„ ® /i^)[(7« ® 5a')(^a«) ® ® C/a(T«(^;^)/c] 

= a«(e^(^2iK)®A; 
= cTq,(w) (g) A; 
= c (g) fc. 



4 Coinduced representations of Hopf group coalgebra 

In this section, we study coinduced representation from left tt— coisotropic 
quantum subgroup. We restrict our attention to finite dimensional case of 
Hopf TT— coalgebra, i.e., dim 77q, = ^ oo for all a E tt. Let us start now 
from left vr— corepresentation p = {Pa i3}a,i3n from left tt— coisotropic quantum 
subgroup (C, a) on V = {Va}ae-K- We define W = {Wa}aen, where Wa — 

{Ic^ (g) and 

Lemma 4.1. For a, 7 G tt, (L„,/3 (g) = {la ® A^,^)L„,/3^ 
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Proof. Similar to lemma 2.4 . | 

Lemma 4.2. Suppose that {e1}^2i o-nd {gf}^!-^ are dual bases of Ha and H* 
for all a E n. For a,j3,'y G n, fix F^p^ G Wa^^, if we define the two maps 
: Vi ^ Ha ® Hp ® Hy and ^2 '■ Vi ^ Ha ® Hp ® H^ such that 



= J] (4 ® gp)^a,p^Fap^{v^) ® A^,^(ef 

i=l 



h=l 1=1 

then = ^2- 



"(^T , a/37 



Proo/. We put Fa/37(^^i) = hap-^ = YJj=i -^j-e 

A,,7(er) = E"!iE::i^;.e/?®eI and A„,,,(ef = E^Ii E^^^s^^ef- 
then we have 

j=l J=l ''=1 s=l 

imply that 



i=l 



Eh (la ® E E E ^^-^'-^ ® ® E E ® ^? 

i=l j=l r=l s=l h=l 1=1 

i=l j=l r=l s=l h=l 1=1 

1=1 j=l r=l h=l 1=1 

„/37 „7 „/3 „7 

i=l j=l r=l h=l 1=1 
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h=l 1=1 

/i=l ;=1 j=l r=l i=l 

Tl^ fL^' fi^ Th^ TX^^ 

h=l 1=1 j=l -r=l i=l 

n~< n~' n" nl^~' nT' 

h=l 1=1 3=1 r=l 1=1 q=l s=l 

rC rC n" n^"' 

- E E E E E 

h=l 1=1 j=l r=l i=l 

Therefore, we have T,7=i ~ (/^^yf) A.,^,F„^,(t;O0A^,^(ef ) = i Er=ih 
(~ ®lK){Ia ® {gi ® gi)A/3^^]Aa,pjFapj{vi) (g) ef (g) e/, and hence = ^3 ■ 

Theorem 4.3. = {W^ajaGTr is right Tr—comodule over H byD, = {f^a,/3}a,/3G7r«* 
Proof. Firstly, we '11 prove that ~ (/q, <S> g^)Aa,i3Fai3 G ^a- 

= (/Ci® ~ (la (S) ® /;3)A„,^F«;3 

= (Jci® ~ {la ® ® A«,^)(/ci ® Fa/3)Pl,l 

= (/Ci® - (4 ® g^)Aa,f3Fa0)pi,i 

Now, we will prove that Q is coaction on W, i.e., the two diagrams 
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are commutes. 

= ® A)(~ (^"/3 ® 5''^)^o/3,7i^o/37 ® e^) 

= ^aA^ ® fi''^)^o/3,7^o/37) ® 6^ 

= ~ (/« ® ^'^) A«,/3 ~ (/o/3 ® ^^) A„/3,^F„;3^ ® ® 
= ^ ®/x)((/o ® ^'^)A„,^ ® ^'')A„^,^F„^^ ® ® e7 
= ~ (~ ®/x)(/o ® ^'^ ® ^^)(Ao,;3 ® /7)A„^,^F„^^ ® ® 
= - (~ ®/x)(/o (S)g^(S) g^){Ia (S) A^,^)A„,;3^F„^^ ® e'' ® 
= ~ (~ ®/x)(/a ® (^'^ ® ^^)A^,^)A,,,^^F„^^ ® ® 
= ^1 
Also 

(-^Wa ® A^_^)fio,,/37-Fa/37 
= (7^^ ® A^,^)(~ {la /^)Ac,,;37^a/37 ^ e^'') 

= ~ ( V„ «) g^'')Aa,pjFaf3^ A;3,^(e'^^) 

from lemma 4.2. the first diagram is commute. For the second diagram 

{Iw^ (g) e)Qa,iFa 
= {Iw^ ® e)[~ (J, ® ^')A,,iF„ ® e^] 
= ~ {Iw^ ® ^^) A«,iF„ ® e(e^) 
= ~ (Jp^^ ® e(e;)(?i)A,,iF„ ® U 
= ~ (/w-^ ® e)Aa,iFe, (8) Ik 
= F« (g) Ik. 



Remark 4.4. Given a right corepresentation p of the tt— coisotropic quantum 
subgroup of (C, a) the corresponding corepresentation (/ A) on Coind{p) 
of is called coinduced representation from p on H. 

Now, we constract an induced and coinduced representation from subHopf 
TT— coalgebra. 

Theorem 4.5. Let H be a finite dimentional Hopf ir-coalgebra and A — 

{Aa}a£7r be an isolated subHopf n-coalgebra of H. If V = {Vajaen is left 
■n-comodule over A by p = {Pa,i3}a,i3en, then we can construct an induced and 
coinduced representation over H . 
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Proof. Since A = {Aa}aeTr is an isolated subHopf 7r-coalgebra of H, there 
exist a family I — {lajaen of Hopf 7r-coideal of H such that Hq, — A^^Ia for 
all a & TT. We will prove that (^4, a) is left tt— coisotropic quantum subgroup 

of H where a = {(Ta}a£TT and cTq : Ha ^ Aa as Cai'^'a + ia) = ^cx- Clear, 
A is TT-coalgebra. We '11 prove that Aa is left i^Q-module for all a G vr. We 
define '■ ® A^ ^ A^ as follow ^^((mQ + ia) ® aa) = ^a^a- Then 

^a(/^a ® Qii^a + ia) ® (^^a + Ja) ® = ^all^^a^^a + rUaja + ^afla + 

«aja) ® da) = maUaaa and $a(-^a ® ^a)(("^a + «a) ® (ria + ja) ® Cla) = 

where TUaja + ^a'^a + ^ajo G la. Also, 
we have ® ® «a) = ^aiiVaik) + 0) (g) fla) = 'n^(k)aa = ktta- 

Now, we win prove that cTq, is tt— coalgcbra map, ((7^ ® af3)Aa,/3{ha^) = 

{cTa <8) ap)Aa,p{map + iafs) = (c^a ® CT/?) ( Aa,/3 (m^/^) + Aa,p{iafs)) = ^aA^<yp) 

and Aa,paa/3{haf3) = ^a,pcra/3{ma/3+iaf3) = Ac,,;3(m«/3) . We will prove that (t« 

is left module map, ^a{Ia®CFa){ha®ka) = ^a{Ia®<ya){{ma+ia)®{na+ja)) = 

and aafJ'a{h-a ® ka) = (Ta{irLana + ^aja + ^anQ, + 

iaja) = i^ai^a Therefore (A, a) is left tt— coisotropic quantum subgroup of H. 
Since y is left tt— comodule over A, then we can construct an induced and 
coinduced representation over if, by theorem 2.6 and theorem 4.3. | 

5 Simplicity of induced representation of Hopf group 
coalgebra 

In this section we have studied the simplicity of our induced representations 
of Hopf vr— coalgebra. Let if be a Hopf vr— coalgebra, (C, a) a vr— coisotropic 
quantum subgroup. If we have two equivalent right tt— comodules over C . 
What is the relations between the two induced and the two coinduced rep- 
resentations over H ? Also, we have the following question: what is the 
algebraic relations of the induction with respect to direct sums of represen- 
tations in point of view of simplicity. Finally, we have proved that if the 
induced representation is simple, then its algebraic induction is constructed 
from simple representation of the group coisotropic quantum subgroup. If we 
have simple representation of group coisotropic quantum subgroup for Hopf 
TT— coalgebra, then the induced representation is not necessary to be simple. 

A right TT-comodulc M = {Ma}aeTT is said to be simple if it is non-zero 
(i.e.. Ma 7^ for some a G tt) and if it has no tt— subcomodules other than 
= Oa^TT and itself. 

A right TT— comodules (V, p) and {W, p') over C are equivalent if there 
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exist a family F = {F^ : Va — > Wa}a£n of vector space isomorphisms such 
that 

P'a,pFal3 = (Fa ® Ip)Pa,/3 ^r all «, /3 G TT 

Theorem 5.1. Let {V, p) and {W, p') he a right Tr—comodules over aTT—coisotropic 
quantum subgroup {C,a). If there exist a vector space isomorphism Fi : 
Vi Wi such that 

ilj^^.Fr = iF,®h)p,^, (#) 

then the induced representations Ind{p) and Ind{p') are equivalent right 
TT—comodules over H . 

Proof. Let us consider the family of vector space isomorphisms 

F = {F„ = Fi (8) 7„ : Vi ® ^ M^i (8) H^}^^^. 

Firstly, we must prove that, for a e tt, Fa{Ind{p)a) Q Ind{p')a- Let 
/ e Ind{p)a, then 

(/l®i^l,a)(/) = (Pl,l®/a)(/) (1) 

We want to prove F^if) G Ind{p')a, i. e., (Ji ® Li^a)FaU) = ® 

laWaif) 

{h^L,,^)FM') 
= (Ji®Li,,)(Fi® /,)(/) 
= (Fi®/i®/„)(Ji®Li,«)(/) 

= (Fi® Ji®/„)(pi^,®4)(/) by (1) 

= [(Fi®/i)pi,i® /«](/) 

= (p;_iFi®4)(/) by (#) 

= (p;_i®/,)(Fi® /„)(/) 

Now we shall prove that F is tt— comodule map, which follows from, for 
/ e Ind{p)af), 

(F^^Ip){h^A^,f,){f) 
= (Fi®7„®7^)(7i® A«,;3)(/) 
= {h^A^,f,)FM- 
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Corollary 5.2. If {V, p) and {W,p') are equivalent right n—comodules over 
C , then the induced representations Ind{p) and Ind{p') are equivalent right 
n—comodules over H. 

Lemma 5.3. Let (V,p) and {W,%1)) he two right Tr—comodules over C, then 
V®W ^ {{V®W)a = Va®Wa}a&TT is right Ti-comodule over C by p®t/j — 

{(P ® V')a,/3 = Pa,/3 ® V'a,/? ■ K/3 © Wa/3 ^ (K ® W^a) ® Ca}a,l3en whcrC 

are the natural projection maps and 
are the natural immersion maps. 

Theorem 5.4. Let {V, p) and {W, ip) be two right n—comodules over C , then 

Ind{p © V) = Ind{p) © Ind^ip). 

Proof. We define 6 : Ind{p (B ip) Ind{p) © Ind{ip) as follows: 6 = {6a — 
{Pi ® la) + (-Pi^ ® Ia)}aeTT- IS ail isomorpliism of vector spaces and 6a '■ 
Ind{p®il})a — >■ Ind{p)a® Ind{il))a. We will prove that, for / e Ind{p®il))a, 

1. {PY ®Ia){f)^Ind{p)a 

2. {P^^ ^ Ia){f) e Ind{lP)a 

and hence ^a:(/) G lT^d{p)a ® Ind{'^)a- 

{h®Li,^{PY ®Ia){f) 
= (Pl^©/l©/a)((/)©Z^) 1,1 ©/„)(/) 

= (Pi^ © Ji © © /)Pi,iPi^ + (/r © /)^i,iPr] ® 

= {P^ © Jl © /,)[(/^ © /)pi,iPi^ © laW + (Pi^ © /l © laW^ © /)^l,lPr ® 

= (Pi^ © /i © © /)Pi,iPi'' © /«](/) 

= [(PiX®/)pi,iA''®4](/) 
= (aiP/' ©/«)(/) 

= (Pi,i©4)(Pi^ ©/«)(/) 
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then (Pi^ ® /„)(/) e/nrf(p)„. 

Similar {P^ ® /«)(/) e Ind{i^)a. Therefore Oaif) e Ind{p)a ® Ind{i^)a. 
Clear is an isomorphism. The intertwining property is the commuta- 
tivity of the following diagram 

Ind{p © tp)ai3 I'nd{p)ai3 ® Ind{ip)a(3 

Ind{p © . {Ind{p)a © Ind{ip)a) ^ 

where Ind{p © ip) is right tt— comodule over by / ® A = {/vi©vyi ® ^a,/^}- 
Also, Ind{p) © Ind{ip) is right tt— comodule over if by 

where 

Now, 

[(P,^ ® J„^) + (Pi'^ + w)0h] 

= [(e'^''^ ® ® a.,^)p5'^('') + (e'^^^^ ® ® A„,^)Pi;''(^)][(^ /i) + /i)] 

= [(e'^''^ ® ® A^,,)Pi;'^'^][(v ®h) + (w0 h)] + [(C'^^^^ ® I,)(h A.,^)Pif '^^i 

[(v (^h) + {w^ h)] 
= If,)(I, A«,;3)](^ ® /i) + [(^'^^^ ® A«,;3)](^ h) 

= (t" /ii + 0) (8) /i2 + (0 + w (8) /ii) (8) /i2 
= [(v0/ii) + (w(g>/ii)] (8)/l2 

= (^a«)/^)(/® A,,^)(/) 

i.e., the above diagram commutes. 
I 

CoroUciry 5.5. Let H be a Hopf n—coalgehra, {C,a) a n—coisotropic quan- 
tum subgroup of H and iV^p) a right n—comodules over C. If Ind{p) is 
simple, then p is simple. 
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The inverse of the above result is not true in general case by the following 
example. 












\-\ 











Example Let A be the algebra generated by 1 and the elements x, y, 
x~^, and g with 

xx~^ — x~^x — yy~^ — y~^y — i, xy — yx, 

xg = qgx, yg = qgy, x~^g = q'^gx''^, y~^g = q'^gy"'^ 

for some fixed non zero q E K, then A become Hopf algebra with 

' g X + y g 
x^^ ® x^^ 
y^^ ®y^^ 

-y-^gx-^ 

Now, we take tt the set of all group like elements of A, then tt acts on A 
by Hopf algebra endomorphism as A : tt — > End{A) where A(q;)(/3) = aPa"^ 
for all a, 13 G tt. Then, by [T], we can construct Hopf tt— coalgebra as 
H = {Ha}aeTT where for each a G tt, the algebra Ha is a copy of A with 
comultiplication Aa,/3(ia/3(fl)) = ia{^{P){cii)) ^i/3{o,2), counit ei(ii(a)) = e(a) 
and the antipode Sa{ia{(i)) = 'ia-^{^{ci){s{a))) where a & A, A(a) = ai ® a2 
is the given comultiplication in A written in Sweedler's sigma notation. 

Now take J = {Ja}aeTT where for each a G tt, Jq, is a copy of Jr where 
Jr is a right ideal of A generated by a; — 1, y — 1, x~^ — 1 and y~^ — 1. Jr is 
a coideal becouse, for example, 

A{x - 1) = X O X - 1 O 1 = (,T - 1) (g) x + 1 (x - 1) 
e{x - 1) = e{x) - e(l) = 0-0 = 0, 

J is a family of right ideals and also J is tt— coideal. Then, by theorem 1.2, 
C = H/ J is TT— coalgebra such that a = {Wa — o '■ C^ — Hal JaSa(^-K 

is TT— coalgebra epimorphism map. Furthermore, every Cq is i?a~ module 
such that every is module map. 



Now take V — {V^lagTr is simple tt— comodule over C by p = {Pa,/?}a,/3G7r) 
this implies that V\ is simple Ci— comodule by p^-^. Since C\ is cocommu- 
tative, then Vi has one dimensional. So, we can suppose that P\\{w) = 
w (8) 1. The induced representation in this case is Ind{p) = {Ind{p)a} where 
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Ind{p)a is generated by x,x~^,y and y~^. Also, Ind{p)a C H^. Now, take 
B = {Ba}aeTr where is a subalgebra of generated by x, and x~^. Clear 
B is subHopf TT— coalgebra of H and every B^ C Ind{p)a and every element 
in is group like, the B is non trivial vr— subcomodule of Ind{p) and hence 
Ind{p) is not simple tt— comodule over H. 

Now, we return to study the equivalent and direct sum of coinduced rep- 
resentation. 

Theorem 5.6. Let {V, p) and {W, p') be a right Tr—comodules over a n—coisotropic 
quantum subgroup (C, a) . If there exist a vector space isomorphism Fi : 
Vi Wi such that 



then the coinduced representations Coind{p) and Coind{ip) are equivalent 
right 7T—comodules over H. 

Proof. Let us consider the vector space isomorphisms F — {Fa ■ Coind{ip)a — 
Coind{p)a}ae-K-i where 



Firstly, we must be prove Fa{f) = f o Fi G Coind{p)a, for a e tt for 
q; e TT, / e Coind{il))a- 



(V 



FM^foF, 



for all / e Coind{il))a- 



Ll,aFa{f) 

= (/®/)(J®Fi)pi,i 



by(i) 



= (/®/oFi)pi_i 
= (/®F«(/)Ki 



Now, we will prove the following diagram commutes 



Coind{p)af3 
Coind{ip)a ® Hp 




Coind,{p)af3 
Coind{p)a ® 



Fa® I 13 
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For h e Coind{ip)ai3 

= ~ (/a®/)A«,/3(/ioFi) 

= (n« ® /^)((~ (/„ ® g'^)K,ph ® e^) 

Now we will prove Fq, is an isomorphism. Let i e Coind{p)a, there exist 
i o Ff ^ e Coind{ip)a such that F«(t o F^^) = tF~^Fi = Therefore F^ is 
onto, by finite dimensional Fq, is an isomorphism. 

The remaining is prove t o F^^ G Coind{^)a, i.e., Li^^t o F^^ = (/ t o 
Ff 1)^1^1 i.e., (/®t)pi,iFf 1 = (/®toFfi)V'i,i. Wehave^i^iFi = {I®F,)p,^, 
implies (/ (8) Fj~^)'0]^ ^Fi = Pi i that is means 

(/ Ff ^)^i,iFi = Pi,iFf ^Fi 

and hence 

[(7®Fr^)V'i,i-Pi,iFf^]Fi = 

implies that 

[(/ ® Ff - pi_iFi-i]Fi(v) = for all v e Vi. 
Since Fi is onto, then 

[(/ ® Ff - Pi,iFf = for all w G VTi, 
that is (I Ff - Pi,iFf ^ = i.e., (I Ff = Pi,iFf ^ therefore 

(/ ® ® Fr^)Vi,i = (/ ® t)Pi,ii^r\ 

then 

(/ ® t o Ff = o Ff ^ 
Thus Coind{ip) and Coind{p) are equivalent. | 

CoroUciry 5.7. If {V, p) and {W,ip) are equivalent right n—comodules over 
C, then the coinduced representations Coind{p) and Coind{ip) are equivalent 
right Tr—comodules over H . 
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Theorem 5.8. Suppose {V, p) and (W^ip) are left n—comodules over C , then 

Coind{p © V) — Coind{p) © Coind{'il)). 

Proof. Since (V, p) and {W, ip) are left tt— comodules over C, then {Coind{p), Q) 
and {Coind{ip), T) are right tt— comodules over H and hence, by lemma 5.3, 
{Coind{p) © {Coind{'4>)) is right tt— comodule over if by A = {^a,p\ where 

Also, by lemma 5.3, V ®W — {Va ffi is left tt— comodule over C by 
where 

Then Coind{p © ■?/') is right tt— comodule over if by F = {Fc^^^}. 

Now, we define x = {Xa '■ Coind{p(Bip)a ~^ Coind{p)a®Coind{ip)a}aeTr, 
where 

Xa{9)^9°ii +9°iT foraU g e Coind{p ® i^)^. 
Firstly, we will prove g ol"^ ^ Coind{p)a 

= iLl,a9)lY 

= (ii©(7)(Pi,i©^i,i)/r 

= (/i © 9)[{h © ir)Pi.iPr + {h © iT)i^i,iPniY 

= {h^g){h^ll)p,^,P^l^ 
= {h0g){h0l^)p^^^ 
= {Ii^gol]^)p^i. 

Similar g ol^ & Coind{ip)a, and hence Xai9) ^ Coind{p)a © Coind{ip)a- 

We will prove x^, is 1-1 (and hence isomorphism by finite dimensional). 

Suppose Xai9) = 0) then {Xai9))i'^i + '"^1) — "^i ^ ^1 wi e Wi 

implies g{vi + Wi) = for all Vi e and e W^i, then 51 = 0. 
Finally, we will prove that the following diagram commutes 

Coind{p © ip)ai3 Coind{p)a/3 © Coind{ip)ai3 

Coind{p © © if/3 — > Coind{p)a © Coind{ip)a © if/3 
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= h (4 ® /^) Aa,;,(<7 ol^ + go /f )] ® 
On other hand 

= (C'"'^'') ® ^/3)h (4 ® /^)A«,^(7 o ® e^] + (e^"'^'^^ ® //3)[~ (la ® /0Aa,/3^ O /f ® e^] 
= h (4 ® Aa,;3^? o /I;' © 0] ® e'^ + [0© ~ (4 ® A«,^^ o /f ] ® 

= ~ (/a ® /'')Aa,;3(^ O /];' + <^ O /f ) ® e'^. 



CoroUciry 5.9. Let H be a Hopf n—coalgehra, (C, cr) a Tr—coisotropic quan- 
tum subgroup of H and {V, p) a right 7r—comodules over C. If Coind{p) is 
simple, then p is simple. 
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